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Abstract
In the present paper we focus on a generalization of the notion of integral convexity. This concept,
introduced in [J.Y. Wang, Y.M. Ma, The integral convexity of sets and functionals in Banach spaces, J. Math.
Anal. Appl. 295 (2004) 211–224] by replacing, in the definition of classical notion of convexity, the sum
by the integral, has interesting applications in optimal control problems. By using, instead of Bochner
integral, a more general vector integral, that of Pettis, we obtain some results on integral-extreme points of
subsets of a Banach space stronger than those given in [J.Y. Wang, Y.M. Ma, The integral convexity of sets
and functionals in Banach spaces, J. Math. Anal. Appl. 295 (2004) 211–224]. Finally, a natural example
coming from measure theory is included, in order to reflect the relationships between different kinds of
integral convexity.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Let X be a Banach space, X∗ its topological dual, B∗ the closed unit ball of X∗ and
([0,1],Σ,μ) the unit interval provided with the σ -algebra of Lebesgue measurable sets and
with the Lebesgue measure.
We start by recalling the definition of Pettis integral (see [2–4]):
Definition 1. A function f : [0,1] → X is said to be Pettis integrable if:
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(2) for each A ∈ Σ , there exists xA ∈ X such that 〈x∗, xA〉 =
∫
A
〈x∗, f 〉dμ, for all x∗ ∈ X∗. We
denote xA by (P )
∫
A
f dμ and call it the Pettis integral of f on A.
Remark 2. Any Pettis integrable function is scalarly (or weakly) measurable, which means that,
for every x∗ ∈ X∗, 〈x∗, f (·)〉 is measurable; it is well known that, by Pettis’ measurability theo-
rem, the weak measurability is equivalent to the (strong) measurability when the Banach space
is separable (see [1]).
In the sequel, Lp(μ,X) with p  1 (respectively Pe(μ,X)) denotes the family of X-valued
Bochner p-integrable (respectively Pettis integrable) functions on [0,1].
The following concepts were introduced in [5]:
Definition 3. A ⊆ X is said to be integral-convex (shortly, ∫ -convex) if every f : [0,1] → X
Bochner integrable such that f (t) ∈ A a.e. satisfies ∫ 10 f (t) dt ∈ A.
Remark 4. [5] Any ∫ -convex subset of X is convex.
Definition 5. A subset B ⊆ A is called ∫ -extremal in A if any f : [0,1] → X Bochner integrable
one-side-continuous (that is, continuous at left or at right in every point) with f (t) ∈ A a.e. and∫ 1
0 f (t) dt ∈ B satisfies f ([0,1]) ⊆ B . Moreover, if B is a singleton, then it is said to be an∫
-extreme point of A.
Remark 6. [5] Any ∫ -extreme point is an extreme point.
2. On integral-convex subsets of a Banach space
Let us begin by introducing a new concept of integral-convexity, using the Pettis integral
instead of the Bochner one.
Definition 7. A ⊆ X is said to be Pettis-integral-convex (shortly, Pe-∫ -convex) if any measur-
able, Pettis integrable function f : [0,1] → X with f (t) ∈ A a.e. satisfies (P ) ∫ 10 f (t) dt ∈ A.
In the same manner we can consider, for every p  1 and every possible norm ‖ · ‖A on A,
the following
∫
-convexity concepts.
Definition 8.
(i) A set A ⊆ X is said to be p-integral-convex (shortly, p-∫ -convex) if every f ∈ Lp(μ,X)
with f (t) ∈ A a.e. satisfies ∫ 10 f (t) dt ∈ A.
(ii) A ⊆ X is said to be p-‖ · ‖A-integral-convex (shortly, p-‖ · ‖A-
∫
-convex) if every f ∈
Lp(μ, (A,‖ · ‖A)) (by this meaning that
∫ 1
0 ‖f (t)‖pA(t) dt < +∞) with f (t) ∈ A a.e. satis-
fies
∫ 1
f (t) dt ∈ A.0
1462 B. Satco / J. Math. Anal. Appl. 332 (2007) 1460–1467Remark 9.
(i) Every Pe-∫ -convex set is ∫ -convex.
(ii) Any ∫ -convex set is p-∫ -convex, for all p  1.
(iii) Any p-∫ -convex set is p-‖ · ‖A-∫ -convex if ‖ · ‖A  ‖ · ‖. The two notions coincide when-
ever the two norms, ‖ · ‖A and ‖ · ‖, are equivalent.
(iv) Obviously, every p-‖ · ‖A-
∫
-convex is convex.
(v) If the Banach space is finite dimensional, then the integrability in Pettis and Bochner sense
coincides, therefore, by Theorem 2.3 in [5], all the above defined notions of ∫ -convexity
and the convexity coincide.
Definition 10. A subset B ⊆ A is called Pettis-integral-extremal in A if every measurable,
Pettis integrable, one-side-weakly continuous function f : [0,1] → X with f (t) ∈ A a.e. and
(P )
∫ 1
0 f (t) dt ∈ B satisfies f ([0,1]) ⊆ B . Moreover, if B is a singleton, then it is said to be a
Pettis-integral-extreme point of A.
Remark 11. Any Pe-
∫
-extreme point is
∫
-extreme, hence an extreme point.
We study other relations between various kinds of
∫
-convexity and convexity.
Theorem 12. Every closed
∫
-convex subset of X is Pe-∫ -convex.
Proof. Let A ⊆ X be an ∫ -convex, closed set and f ∈ Pe(μ,X) such that f ([0,1]) ⊆ A.
Fix x0 ∈ A and ε > 0. One can find δε > 0 such that every measurable C ∈ Σ with μ(C) δε
satisfies ‖(P ) ∫
C
f dμ‖ ε2 .
Consider the measurable sets Tk = {t ∈ [0,1]: ‖f (t)‖  k} which cover the entire space, so
there exists nε ∈ N with μ([0,1] \ Tnε )min(δε, ε2‖x0‖ ).
The function defined on [0,1] by fε = f χTnε + x0χ([0,1]\Tnε ) ∈ L1(μ,X) and fε([0,1]) ⊆ A,
whence
∫ 1
0 fε dμ ∈ A.
Moreover,∥∥∥∥∥(P )
1∫
0
f dμ −
1∫
0
fε dμ
∥∥∥∥∥ supC⊆[0,1]\Tnε
∥∥∥∥(P )
∫
C
f dμ
∥∥∥∥+
∥∥∥∥
∫
[0,1]\Tnε
x0 dμ
∥∥∥∥ ε,
and, as ε was arbitrary, (P )
∫ 1
0 f dμ ∈ A = A. 
From Theorem 2.1 in [5] it immediately follows that
Corollary 13. Any closed convex set is Pe-
∫
-convex.
In order to obtain another connection property between notions of convexity that we have
considered, we will need the following lemma, which is a straight consequence of the mean
theorem for Lebesgue integral.
Lemma 14. Let f : [0,1] → X be a Pettis integrable function and C ⊆ [0,1] of positive measure.
Then 1 (P )
∫
f dμ ∈ co(f (C)).μ(C) C
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Theorem 15. Every open convex set is Pe-
∫
-convex.
Proof. Let A be an open convex set and f : [0,1] → X measurable, Pettis integrable, with
f ([0,1]) ⊂ A. There exists, by Lusin’s theorem, a compact subset T of [0,1] of positive measure
upon which f is continuous. Taking, for each t ∈ T , a convex neighborhood U(f (t)) of f (t)
such that U(f (t)) ⊂ A, we obtain an open covering of the compact f (T ), so we can extract a
finite subcovering. This gives us a finite covering of T with sets of the form f −1(U(f (t))) ∩ T .
There exists an element of this covering, T0 = f −1(U(f (t0))) ∩ T , of positive measure.
Using Lemma 14, we can write
1
μ(T0)
(P )
∫
T0
f dμ ∈ U(f (t0))⊂ A
and
1
μ([0,1] \ T0) (P )
∫
[0,1]\T0
f dμ ∈ A.
Therefore, since A is open,
(P )
1∫
0
f dμ = μ(T0)
(
1
μ(T0)
(P )
∫
T0
f dμ
)
+ μ([0,1] \ T0)
(
1
μ([0,1] \ T0) (P )
∫
[0,1]\T0
f dμ
)
∈ A. 
We obtain in the sequel two results concerning Pe-
∫
-extreme points, which are stronger than
the similar given in [5].
Theorem 16. Let A be a weakly compact subset of X. Then the set of its Pe-∫ -extreme points is
nonempty.
Proof. The family E of weakly compact Pe-
∫
-extreme subsets of A is nonempty (it contains A)
and it is ordered by the relation “⊇.”
Every totally ordered subset has an upper bound (its intersection, which is weakly compact
and Pe-
∫
-extreme in A), so, by Zorn’s lemma, E has a maximal element, say B .
We prove that B is a singleton. Suppose that we can find x1 = x2 ∈ B . There exists x∗ ∈ X∗
such that 〈x∗, x1〉 = 〈x∗, x2〉. By James’s characterization of weakly compact subsets of a Banach
space, the linear continuous functional x∗ attains its infimum on B , therefore the set
B1 =
{
x ∈ B; 〈x∗, x〉= min{〈x∗, y〉; y ∈ B}}
is nonempty and weakly closed, hence weakly compact.
We claim that B1 is Pe-
∫
-extremal in B (which contradicts the maximality of B). Indeed, if
we suppose that there is a measurable, Pettis integrable, one-side-weakly continuous function
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t0 ∈ [0,1] satisfying f (t0) /∈ B1, so there is ε > 0 with〈
x∗, f (t0)
〉
> min
{〈
x∗, y
〉; y ∈ B}+ ε.
There exists a weak neighborhood U of f (t0) such that〈
x∗, x
〉
> min
{〈
x∗, y
〉; y ∈ B}+ ε, ∀x ∈ U.
As f is one-side-weakly continuous, we are able to find δ > 0 such that f ([t0, t0 + δ]) ⊆ U ,
whence〈
x∗, f (t)
〉
> min
{〈
x∗, y
〉; y ∈ B}+ ε, ∀t ∈ [t0, t0 + δ].
We can write then, since (P )
∫ 1
0 f dμ ∈ B1,
min
{〈
x∗, y
〉; y ∈ B}=
〈
x∗, (P )
1∫
0
f dμ
〉
=
1∫
0
〈
x∗, f
〉
dμ
=
t0+δ∫
t0
〈
x∗, f
〉
dμ +
∫
[0,1]\[t0,t0+δ]
〈
x∗, f
〉
dμ > min
{〈
x∗, y
〉; y ∈ B}
which is a contradiction. 
Theorem 17. For every weakly compact convex subset A of X, the family of Pe-∫ -extreme points
coincides with the family of its extreme points.
Proof. By Remark 11, only one inclusion has to be shown.
Consider x0 be an extreme point of A and f ∈ Pe(μ,X) one-side-weakly continuous satisfy-
ing that f ([0,1]) ⊆ A and (P ) ∫ 10 f dμ = x0.
Suppose that there is t0 ∈ [0,1] such that f (t0) = x0 and choose then a convex weak neigh-
borhood U of f (t0) such that x0 /∈ U . Since f is one-side-weakly continuous, there exists δ > 0
satisfying f ([t0, t0 + δ]) ⊆ U .
Applying Lemma 14 gives that
1
δ
(P )
t0+δ∫
t0
f dμ ∈ co(f ([t0, t0 + δ]))⊆ U ∩ A
and
1
1 − δ (P )
∫
[0,1]\[t0,t0+δ]
f dμ ∈ A.
We obtain then, by the extremality assumption on x0 and the equality
x0 = δ
(
1
δ
(P )
t0+δ∫
t0
f dμ
)
+ (1 − δ)
(
1
1 − δ (P )
∫
[0,1]\[t0,t0+δ]
f dμ
)
,
that x0 = 1δ (P )
∫ t0+δ
t0
f dμ ∈ U , which contradicts the choice of U . 
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for every compact convex, the
∫
-extreme points coincide with the extreme points. Our results
contain those in [5].
In order to see the relationships between the different kinds of
∫
-convexity, we present, in
what follows, an example of subset that is 3-‖ · ‖L3 -
∫
-convex, but not Pe-
∫
-convex.
Example. Let X = L2([0,1],R) be the Banach space of the real 2-integrable functions provided
with the usual norm
‖f ‖L2 =
( 1∫
0
∣∣f (t)∣∣2 dt
) 1
2
.
The set A = L3([0,1],R) ⊆ X is obviously convex, not open and not closed (since it contains
the simple functions, its adherence coincides with the entire space).
Providing A with the norm ‖ · ‖A = ‖ · ‖L3 , we claim that A is 3-‖ · ‖A-
∫
-convex.
Considering g ∈ L3([0,1], (A,‖ · ‖A)), one has
∫ 1
0 (
∫ 1
0 |g(t)(s)|3 ds) dt < ∞ whence, by
Fubini’s theorem,
∫ 1
0 (
∫ 1
0 |g(t)(s)|3 dt) ds < ∞. Using now Hölder’s inequality, we obtain that∫ 1
0 |
∫ 1
0 g(t)(s) dt |3 ds <
∫ 1
0 (
∫ 1
0 |g(t)(s)|3 dt) ds < ∞, and so
∫ 1
0 g(t) dt ∈ A.
We prove that the considered set is not Pe-
∫
-convex.
Let (An)n∈N be a measurable partition of the unit interval satisfying that, for every n ∈ N,
μ(An) 1n4 and f : [0,1] → X be the measurable function defined by
f (t)(s) =
{ 1
nμ(An)
3
2
, if t, s ∈ An,
0, otherwise.
It is not Bochner integrable, since
1∫
0
∥∥f (t)∥∥
L2 dt =
∞∑
n=1
(∫
An
∥∥f (t)∥∥
L2 dt
)
=
∞∑
n=1
(∫
An
1
nμ(An)
dt
)
=
∞∑
n=1
1
n
= +∞.
We will prove that f is Pettis integrable. Since L2([0,1],R) has the Radon–Nikodym prop-
erty, it suffices to show that f is scalarly integrable.
Let us show, in the first place, that for every measurable B ⊆ [0,1] the element h = χB ∈
L2([0,1],R) satisfies that 〈h,f (·)〉 ∈ L1([0,1],R). Indeed,
1∫
0
∣∣〈h,f (t)〉∣∣dt = ∞∑
n=1
∫
An
( ∫
B∩An
1
nμ(An)
3
2
ds
)
=
∞∑
n=1
μ(B ∩ An)
nμ(An)
1
2

∞∑
n=1
μ
1
2 (An)
n

∞∑
n=1
1
n3
< +∞.
Therefore, every simple function h has the same property.
Moreover, the real measurable function defined on [0,1] by
φ =
∞∑( 1
nμ(A )
1
2
)
χAnn=1 n
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∫ 1
0 |φ(s)|2 ds =
∑∞
n=1 1n2 < +∞ and satisfies, for each character-
istic function (thus, for each simple function), h = χB :
〈h,φ〉 =
∫
B
[ ∞∑
n=1
(
1
nμ(An)
1
2
)
χAn
]
(s) ds =
∞∑
n=1
μ(B ∩ An)
nμ(An)
1
2
=
1∫
0
〈
h,f (t)
〉
dt.
In order to prove the integrability of 〈h,f (·)〉 for an arbitrary h ∈ L2([0,1],R), let us first sup-
pose that h is positive and consider a non-decreasing sequence of positive simple functions (hk)k
that L2-converges to h.
By the monotone convergence theorem, for every t ∈ [0,1],
1∫
0
h(s)f (t)(s) ds = lim
k
1∫
0
hk(s)f (t)(s) ds.
Applying again the monotone convergence theorem to (〈hk,f (t)〉)k , we obtain
1∫
0
〈
h,f (t)
〉
dt = lim
k
1∫
0
〈
hk,f (t)
〉
dt ∈ R ∪ {+∞}.
Since φ ∈ L2([0,1],R), limk〈hk,φ〉 = 〈h,φ〉 < +∞. From the first part of the proof, it follows
that
1∫
0
〈
h,f (t)
〉
dt = lim
k
1∫
0
〈
hk,f (t)
〉
dt = lim
k
〈hk,φ〉 = 〈h,φ〉,
and so 〈h,f (·)〉 ∈ L1.
If h is an arbitrary signed element of L2([0,1],R), then we obtain the conclusion writing
h = h+ − h−.
The Pettis integral of f is given by
(P )
1∫
0
f (t) dt = φ =
∞∑
n=1
(
1
nμ(An)
1
2
)
χAn.
Although for every t ∈ [0,1], f (t) ∈ L3([0,1],R), its integral is not an element of L3([0,1],R).
Indeed,
1∫
0
∣∣∣∣∣(P )
1∫
0
f (t)(s) dt
∣∣∣∣∣
3
ds =
∞∑
n=1
1
n3μ(An)
1
2

∞∑
n=1
1
n
= +∞.
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